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The use of granular solids flowing as a consolidated or
dense phase has had wide application in processes utiliz-
ing the moving bed principle, such as the Houdryflow and
T.C.C. catalytic cracking units. More recently there has
been considerable effort to design continuous countercur-
rent solid-liquid contactors for applications such as ion
exchange. One scheme (2) involves the movement of a
consolidated bed of resin countercurrent to fluid flowing
through a portion of the bed. The bed is moved by force
transmitted through the particles. The origin of the force
may be either a fluid flowing concurrently through another
portion of the bed or a piston (bellows) arrangement
acting directly on the solids.

The work reported here is an outgrowth of efforts to
develop a continuous, dense bed, countercurrent resin
contactor. Difficulty in achieving a stable condition for
countercurrent flow of resin and fluid prompted a study
of the solid stresses that develop during both concurrent
and countercurrent flow to determine the utility of an
analysis by Jury (2) of the forces required for resin move-
ment. His work is the only investigation of solid stresses
in consolidated, particulate beds through which a fluid is
flowing. Delaplaine (1) made a comprehensive study of
forces acting in granular solids flowing downward under
the influence of gravity. His work considered neither the
movement of solids under the influence of fluid flow nor
the movement of solids counter to gravity or other body
forces.

STRESS THEORY

The force distribution in flowing bulk solids is very
difficult to analyze rigorously and is not directly compara-
ble to a fluid system. The resistance to flow of one particle
past another or past the stationary wall of the container
does not follow the laws of fluid motion but is governed
by the behavior of solid friction. The presence of a fluid
flowing through the solid does not change the intrinsic
properties of the system if the particles remain in contact
with one another and are not fluidized. The pressure drop
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of the fluid can be incorporated in the analysis of forces
as an additional body force similar to that of gravity. Fig-
ure 1 shows the stresses (in cylindrical coordinates) act-
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Fig. 1. Forces acting on a differential volume
in cylindrical coordinates.

ing on a differential volume of a bed of solids. There are
three normal compressive stresses, oz, oe, or, acting per-
pendicular to the planes and six shear stresses, rrz, 7ro,
etc., acting parallel to the plane of the stress in the direc-
tion of the second subscript. Stress is distributed by parti-
cle-to-particle friction. No equilibrium shear stress can
exist in excess of that determined by the internal bed
friction. Thus for example if the ratio rzr/o= becomes equal
to or greater than the coefficient of internal friction g,
slipping will occur along the z plane and the stress pattern
will be altered throughout the system.
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Jenike (4) presented a mathematical development of
the conditions of flow of bulk solids from vertical and
converging channels for the case of no interstitial fluid
flow and essentially zero velocity. His results predict the
onset of solids flow but do not indicate the force distribu-
tion during flow.

The forces acting at the boundaries of a bed are of
particular interest. These boundary forces are the radial
and shear stress at the wall and the average vertical stress
over the cross section of the containing vessel (Figure 2).
Delaplaine (1) measured the stresses acting both at the
boundaries and within downward flowing beds of sand,
glass beads, and bead catalysts. His results for flowing
beds are similar to those for static beds (5, 6, 7) in that
the stresses are not proportional to bed depth but increase
asymptotically to constant values at bed depths greater
than roughly four to six tube diameters.
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Fig. 2. Force balance of boundary and
average stresses.

This behavior for the radial stress at the wall and the
average vertical stress is to be expected from considera-
tion of a force balance of the average stresses on a differ-
ential section across the tube as shown in Figure 2. A
vertical force balance on this horizontal slab gives

d(o’z)a . 4(Trz)w
dz P D: (L
Substitution of the stress ratios ' = (rrz)w/ (or)w and ka
= (or)w/ (oz)a yields
d(o’z)a ’ 4kap.'(0'z)a
— oy — 2
dz pe Dy (2)

If ke and g are assumed constant, the solution to this
equation, as developed by Janssen (3), is

poD¢

—— (1 — e~ #kqw'2/Dy 3
o ¢ ) ()

((Tz)a -
Thus the average vertical stress (oz)a should approach an
asymptotic value of (ppDt/4kay’) in deep beds. Most in-
vestigations of solid stresses, which have been limited to
boundary measurements in static systems (5, 6, 7), have
correlated the results by the Janssen equation with a con-
stant value ka and p” assumed. Delaplaine’s results indicate
that for a shallow bed, that is the region in which (oz)a
and (7rz)w are rapidly varying with bed depths, these

stress ratios are not constant. Generally ko increased from
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a value of about 1.0 at the top of the bed to about 1.8 in
deep beds, while u* decreased by about 15 to 459% over
the same span.

In an unconfined bed the ratio of horizontal-to-vertical
stress is given by

or k— 1—sing

oz 1+ sing
where ¢ is the angle of internal friction, that is ¢ =
tan~! u. The internal friction coeflicient p is the dynamic
trictional resistance of the particles within the granular
bed to flow past one another. Consequently the angle of
internal friction ¢ is for example the angle with the hori-
zontal assumed by the moving core of solids in a vessel
provided with a central opening in the bottom. The above
equation indicates that the ratio of radial to vertical stress
k is never greater than unity. However, ko can be greater
than 1 because shearing occurs in the outer region of the
bed because the velocity of the particles at the walls is
slightly lower than that in the center of the bed, which
moves as a rodlike core. The shearing causes a rapid in-
crease in radial stress in the region between the core,
where o is independent of radial position, and the wall.

Fluid flow through a moving bed of particulate solids
does not change the basic behavior of the system. It does
however alter some of its flow properties. The fluid exerts
a drag on the solids which can be treated as a body force
on the bed as a continuum. This force can be included
with terms involving the bulk density of the solids if the
bed is moving in a vertical direction. The flowing fluid
alters the internal friction of the particles and conse-
quently affects the maximum shear stress that can exist.
The angle of repose of the particles and coefficient of
friction between the bed and the restraining surfaces are
also affected.

Jury (2) analyzed the transmittal of force by resin
solids through which fluid was flowing and developed
equations for cocurrent and countercurrent flow. The
equation for cocurrent flow may be rearranged to be es-
sentially the same as the Janssen equation. Thus for co-
current movement

AD
R I
and for countercurrent movement
AD
(02)e = P ;’ (etkaw'2/Dy — 1) (5)
qa,

where

P
A=%—+ (L1—¢) (pr—p1)

In his analysis Jury assumed the value of ko« was 1 and
@ was constant.

Equation (4) applies if the net body force, indicated
by the term A, acts in the same direction as the movement
of the bed relative to the tube, while Equation (5) ap-
plies if the force A acts in the opposite direction as the
movement of the bed. These equations apply only to
packed beds, that is a contiguous bed of solids. For con-
current flow upward and countercurrent flow downward
one must consider the possibility of fluidizing the bed.
Under these conditions the resin stress is zero at every
point. If the particles are constrained as a packed bed, the
situation is equivalent to that investigated in this paper.

In the work reported here point values for the particle-
to-wall friction coefficient 4’ and the ratio of the radial-to-
vertical boundary stresses (or)w/(0z)e = ka were deter-
mined through use of the appropriate differential force
balance comparable to Equation (2). Thus for cocur-
rent movement
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d{(az)a 4kap’ (de)a
= A —_—
dz D¢ (6)
and for countercurrent movement
d{(oz)a _ 4kap’ (o2) a
dz + Dy (7

One can see from the term A in these equations the man-
ner in which the pressure drop of the fluid flowing through
the solids is incorporated with the body force exerted in
the bed owing to gravity.

EXPERIMENTAL METHODS

Apparatus

The equipment provided a means of measuring the average
vertical stress {oz)e and the radial stress (or)w at the wall of
the tube containing a bed of particulate solids during move-
ment of the bed cocurrent and countercurrent to the direction
of liquid flow. Water was pumped down through the bed by a
positive displacement rotary pump, and the pressure drop was
recorded by an aneroid manometer recorder. The two directions
of movement were simulated by driving the 4-in. diameter, 4-ft.
high Lucite tube, which was bolted to a rack mounted on

_~ Balance

\K< Pressure Transducer

{
Tube Mounted on
Movable Rack

To Recording Oscillograph

ol
Counter Weights

———
|

Resin Bed
~

Differential Pressure Transducer
for Radial Resin Stress at wall

Mano-

meter

Rotameter t—— Screen Support
Attached to Balance

H E—L— Rack Chain Drive

-

O_,;_

Rotary Pump

Variable Speed Drive

Fig. 3. Schematic diagram of equipment.

tracks, either up or down at a constant, preselected velocity by
a chain and sprocket arrangement as shown in Figure 3.

The bed was supported by a 20 X 150 mesh Dutch Twill
stainless steel screen which was fixed to a ring or piston of Tef-
lon 3 in. high and 3-15/16 in. I. D. The piston in turn was
bolted to a stainless steel spacer with lips for stability. A spring-
loaded Teflon piston ring prevented solid particles from falling
below the piston.

The average vertical stress in the bed was obtained by meas-
uring the force exerted on the retaining screen. The screen was
attached to a specially fabricated balance which had a capacity
of more than 50 Kg. and a sensitivity of less than 1 g. Except
for the bearing parts, it is made of aluminum. The base of the
balance accommodated a load cell for transmitting the varia-
tions in force within the bed that were expected from the stick-
slip movement between the solid particles and the tube wall.
The supporting piston was attached to one side of the balance,
and a pan was attached to the other side for holding counter-
weights.

Since the screen constrains the bed, it distorts the radial
stress near the screen to an extent depending on the internal
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friction of the bed. If the bed has significant internal friction,
a correction must be applied to obtain the true average verti-
cal stress. The correction was negligible for most of the runs
made, This situation was an inherent limitation in this method
which could have been avoided if only cocurrent flow were of
interest, by using the methods of Delaplaine (1), but appeared
tﬂo be a convenient way to investigate stresses in countercurrent
ow.

Radial stress in the resin at the tube wall was measured
with a Statham differential pressure transducer. Its 1/4-in. di-
aphragm was mounted flush in the tube wall. The water pres-
sure on the diaphragm was counterbalanced by pressure from a
screened tap opposite the transducer. Since the rear face of this
instrument could not tolerate water, air was entrapped in the
horizontal tube between it and the tap.

The pressure transducers at the balance and in the tube wall
were connected to a recording oscillograph. The galvanometer-
light beam combination of the oscillograph was not limited by
inertial effects, an important consideration in studying the stick-
ing and slipping of the solids. The oscillograph also had the
ability to record simultaneously signals from both pressure-
measuring devices.

Procedure

Scope of Measurements. The radial stress at the wall of the
tube and the average vertical stress across the cross section of
the tube were measured for three sizes of ion-exchange resin
beads and one size of glass beads moving cocurrently and coun-
tercurrently to the flow of water through the bed. Permutit SK
resin nitrate form in the size ranges of 10 to 20 mesh and 20 to
40 mesh, Dowex 50 nitrate form in the 50 to 100 mesh size,
and glass beads in the 20 to 50 mesh size were studied. Fluid
flow sufficient to give a pressure drop up to 1.1 lb./sq. in./ft.
of resin bed were used. The velocity of the moving bed of solids
was varied from 1 to 30 cm./min.

Only one tube diameter was used, which seemed justified in
this limited study. The results of Delaplaine indicated that if
the ratio of tube-to-particle diameter is greater than 50, the
tube diameter has no effect on the coefficient of friction or the
stress ratio kq.

No runs were made with the resin out of water since the
characteristics of the beads change when dry.

A run consisted of measuring the vertical stress for a partic-
ular bed height and the variation in radial stress over the entire
bed. The resin was treated with nitric acid and rinsed with dis-
tilled water; only distilled water was used during stress meas-
urements. The particles were initially fluidized to remove any
fines that had been formed and allowed to settle. They were
then packed by pumping water at high velocity through the
bed. At the start the tube was positioned so that the bed was
3 to 5 cm. above or below the radial stress transducer to permit
adjustment of water flow and to allow the bed to attain steady
state before measurements were taken. To obtain the total ver-
tical force on the bed sufficient counterweight was placed onto
the left-hand balance pan to keep the recorder trace of the load
cell within the required limits. The average force from this
trace was added to the counterweight. The sum was then di-
vided by the area of the bed cross section to give the average
vertical stress (¢z)a. The radial stress at the wall (or)w was
taken directly from the trace.

A small tube from the water tap shown in Figure 3 permitted
measuring the pressure drop with bed height as the tap moved
with respect to the bed. Thus, when compressibility of resin or
accumulation of fines near the screen was suspected, the line-
arity of pressure drop could be checked.

CONCURRENT MOVEMENT

Measured values of the radial stress at the wall (or)w
and the average vertical stress (o:)a were used to evalu-
ate the ratio of these two stresses designated as ka and
the wall friction coefficient 4'. During the early phases of
the work these were obtained by measuring the slope of
the curve of (oz)e vs. bed height z curve from which ko’
could be calculated, from Equation (6), while the stress
ratio k« was determined from the point values of (or)w
and (oz)a. However observation of the trend in k. in go-
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Fig. 4. Typical plot of radial and vertical stresses.

ing from shallow to deep beds indicated p’ and ka could
be determined from the asymptotic value of the average
vertical stress, (0z)ad (that is in a deep bed) and a com-
plete curve of (or)w vs. bed depth z. It was noted that ka
varied nearly linearly with the ratio (or)w/(or)w.d, that
is the ratio of the point value of the radial stress at the
wall to the asymptotic (deep bed) value of this stress.
Thus since the value of ko at zero bed depth (keo) was
known from the initial slope of the (or)w vs. z curve, and
kea was equal to (or)w.d/(02)ea, a satisfactory approxi-
mation of ka over the range of bed depths could be cal-
culated without the necessity of making several runs to
determine (oz)a vs. z. This trend in ke is similar to that
noted by Delaplaine (1).

The variation in radial and vertical stress with bed
height was somewhat different for the four classes of
solids studied. Figure 4a is an actual trace of the strain
gauge output made on the recording oscillograph measur-
ing (o+)w for 20 to 40 mesh resin. It shows variation in
radial stress at the wall as the depth of bed increased.
Also recorded is the output of the pressure transducer
activated by the balance to which the supporting screen
was attached. This measured the total vertical force ex-
erted by the bed from which (o%)a at the total depth of
the bed was calculated. Figure 4b is a similar trace dur-
ing countercurrent movement and is discussed below. The
behavior of the 20 to 40 mesh resin was closely predicted
by the solution of the differential force balance, Equation
(4), with constant values assumed for i’ and ka. The solid
line in Figure 4a is the plot of Equation (4) with u’ =
0.05 and ka« = 0.95. This value for p’ compares closely
with an approximate value of 0.06 measured by Hancher
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and Jury (2) between Dowex 50 resin and a cadmium
plated surface. However they subsequently estimated
from flow data that the value of p between resin and
glass was more nearly 0.009.

The behavior of 50 to 100 and 10 to 20 mesh resin was
not so well ordered. Figure 5 is a plot showing the varia-
tion of (or)w and (oz)a for these two sizes of resin mov-
ing concurrent to water flowing at a pressure drop of 2.54
(g./sq.cm.)/cm. of bed. For the 50 to 100 mesh resin
the stress ratio ke« was not constant but increased from 1
for very shallow beds to about 1.3 in beds deeper than
about three tube diameters. In this respect it differed from
the other two resin sizes for which ka values were less
than 1 or very nearly equal to 1. An increase in ka as
bed depth increased was also noted with the glass beads.
This confirms the results of Delaplaine in moving beds of
dry solids (1). Another difference in the data for 50 to
100 mesh resin was the inconsistent behavior of the radial
stress (ov)w in shallow beds. Generally the variation with
bed depth indicated w'o (wall friction at zero bed depth)
to be about 30% greater than the asymptotic value u'a
(deep beds); some runs however indicated p'o to be about
409 less than u'¢. This wide variation in w'o may have
been the result of differences in the initial packing within
the bed. The variation in k¢ with bed height was con-
sistent in all runs as was the value of p'a.

For the 10 to 20 mesh resin, p'¢ varied significantly
with the length of time since the resin had been in con-
tact with nitric acid. Nitrated resin which had been less
than 3 hr. in distilled water had essentially the same flow
properties as the 20 to 40 mesh resin. Resin in contact
with water longer than a week exhibited a reproducible
value of x'a more than four times as great as that of the
20 to 40 mesh resin. The value of ko for new 10 to 20
mesh resin was almost independent of bed depth, while ka
for old resin decreased from 1.0 at zero bed depth to 0.7
in deep beds.

The 20 to 50 mesh glass beads were studied to tie in
this work with that of Delaplaine on downward flowing
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beds of dry solids (1). The value of u'a between glass
beads in water and the Lucite tube was 0.22. Delaplaine
calculated a value of 0.17 between dry beads and a steel
tube. In the present system kqa was 1.5 compared with
2.0 in the dry system. This decrease in ka indicates that
the flow of fluids through the bed reduces the lateral
force in the region of pronounced shearing. Possibly the
fluid drag increases the ease with which particles can
move to fill local voids that continually form in the region
of shearing as the bed moves. Greater voids would indi-
cate that greater lateral thrust is required to force indi-
vidual beads past one another. Qualitatively it was noted
that the tendency for the top of the bed to become dished
because of a lower velocity at the walls was less marked
for solids with low values of ka. In all cases the level of
solids at the periphery was never greater than about 5 mm.
after several feet of travel. This is in contrast to Dela-
plaine’s observation that the top of the bed had to be
continually leveled during the runs with dry solids.

Initially runs were made at various values of AP/L, the
pressure drop per unit length of bed. This pressure drop
was indicative of the fluid velocity relative to the bed;
that is it was exclusive of the hydrostatic head. At the
low fluid velocities involved the fluid shear stress at the
tube wall was negligible. Data on the average vertical
stress (oz)a oObtained at various bed depths and pressure
drops were used as follows to demonstrate that p’ and ke
were essentially independent of AP/L. As mentioned pre-
viously, ke varied nearly linearly with the ratio (or)w/
(or)wa. Within the limit of experimental precision kap'
could be similarly expressed as a linear function of (ov)w/
(or)wa or (oz)a/{0z)aa, as for example

kot = [M N (02)a ]#’d

(O'z) a.d

If this expression is substituted into Equation (8), the
integrated result is

Pq

P—qe (1—e™") (8)

(0'2)(1 =

where

_AD [ —1 ]
P= e Lavar+ vy
[M+ M2+ 4N(M + N)1]

_ADt[ —1 ]
1= Lsnaar+ ™

[M— M2+ 4N(M + N) 1]
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Thus a plot of vs. w'az should result in a single

line for a particular resin if x4’ and ks were independent
of A. Figure 6 is such a plot for recently nitrated 10 to
20 mesh resin. The solid curve is Equation (8) with the
particular values of N, M, u'4, and ke, indicated.

The coefficient of friction was not independent of resin
velocity as might be suspected. This coefficient increased
about 25% for the 20 to 40 mesh resin as its velocity in-
creased from zero to 30 cm./min. as shown in Figure 7.
However p'a was essentially independent of the fluid
pressure drop through the bed and hence also independ-
ent of the relative fluid-to-resin velocity. A possible ex-
planation for these observations is that since the Reynolds

number was relatively low for all of the runs | less than

DPGo 1

i 1 —c¢

region next to the wall was probably sufficiently thick

that a particle moving at the wall would be moving

through a fluid at very low velocity. Increasing the resin

velocity above the local fluid velocity would therefore
increase the drag for these peripheral particles.

NRe =

= 7), the width of the laminar

COUNTERCURRENT MOVEMENT

Measurement of both (or)w and (o2)a for the resin
moving countercurrent to the flow of fluid indicated that
&', the coefficient of friction, and ks, the ratio of (or)w/
{o2)e, were constant in both shallow and deep beds. Con-
sequently the stress variation is well represented by Equa-
tion (5), and the data were treated by rearranging Equa-
tion (5) into the form

Y =02 ke
In [1 + = D, D, 2
The term in brackets was plotted vs. z on semilogarithmic

paper for various assumed values of p’ until a straight
line through the origin was obtained, Figure 8. The slope

0.07 I

Friction Coefficient u*

A

7

0.05 ;/7_(

0.04

1

0 10 20 30
Rack Speed. cm/min

Fig. 7. Effect of resin velocity on friction coefficient concurrent
movement of 20 to 40 mesh resin.
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Figure 4b is an actual trace of the strain gauge output
made on the recording oscillograph measuring (or)w for
20 to 40 mesh resin moving countercurrent to the fluid
flow. The output of the pressure transducers indicating
the force on the supporting screen is also recorded on
the trace shown in Figure 4b. The solid line is Equation
(5) with &’ = 0.07 and ko = 0.8.

For all three sizes of resin ko and p' were relatively
consistent for all runs at the values shown in Table 1. As
in the case of cocurrent resin and fluid flow the values of
these parameters were independent of the pressure drop
through the bed. This is shown in Figure 8 by the fact
that data points calculated from traces of (o+)w made at
two different values of AP/L essentially coincide. This
data also demonstrate that ¢’ (and also ke) is independent
of (o+)w despite the very high stress that can be devel-
oped during countercurrent movement which might tend
to flatten the beads against the tube wall. However kq is
smaller than, and ' is larger than, the corresponding
cocurrent values. Presumably this is because of the dif-
ference in the velocity gradient of the fluid at wall in the
two cases. The gradient was much steeper with cocurrent
movement since tube and fluid were moving in opposite
directions. Thus the tendency for a particle to roll along
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Fig. 9. Radial stress variation of 20 to 50 mesh beods showing
effect of internal friction.

the wall would be greater. This would result in lower
sliding drag but a greater transmission of force in the
radial direction because of the greater shearing between
two layers of particles. The existence of lower ke and
higher ¢’ in countercurrent than in cocurrent movement

was noted in all three resin size classes as is indicated in
Table 1.

EFFECTS OF INTERNAL FRICTION

The runs with glass beads point up the effect of internal
friction on the stress pattern within the bed. The varia-
tion in (ov)w with bed depth is consistent with Equation
(5) for that portion of the bed greater than approximately
17 cm. from the support screen. At this point a discon-
tinuity in the stress pattern occurs as shown in Figure 9,
and (or)w is very nearly constant for the rest of the bed
except in the immediate vicinity of the screen.

This stress pattern is the general one for granular mate-
rials, and the length-to-diameter ratio of 1.7 at the dis-
continuity is essentially equal to the tangent of the angle
of internal friction. The region of discontinuity was not
noted in the case of the resin beads as these materials
exhibited almost no internal friction in flowing water.
Zenz, (8) indicated that the angle of internal friction
could be determined from the length-to-diameter ratio of
the longest bed of the granular material that could be
pushed up through a tube. For materials with a low co-
efficient of friction with the tube wall this method would

TaBLE 1. SumMARY OF REsuLTs

Concurrent movement @ 10 cm./min.

Bed material

Age since nitration <3 hr. ~24 hr. 3to 5 days
w'd 0.050 0.083 0.12
wo 0.085 0.10 0.07
ka.d 1.10 1.06 0.93
Countercurrent movement @ 10 cm./min,
w'd 0.10 0.14
ka,a 0.88 0.70
Page 776
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20 to 40 50 to 100 20 to 50
mesh mesh mesh
resin resin glass beads

>2wk.
0.20 0.050 0.13 0.22
0.18 0.050 0.17 0.23
0.70 1.00 1.3 1.4
0.070 0.14 0.24
0.76 1.1 1.5
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not be applicable since the required force for pushing
would build up exponentially but at a slow rate.

In cocurrent flow the discontinuity in radial stress 17
cm. from the screen was also noted. This cohesive prop-
erty of the solids results in erroneous values for (oz)a
because the restraining influence of the screen distorts
the radial stress pattein. In the case of cocurrent flow
(02) o, measurea is too high since less of the weight is sup-
ported by the column walls. The reverse is true for coun-
tercurrent flow. Measured values are corrected as follows
for cocurrent movement:

(O'z)a, measured ~— (‘O'z)a, actual =
9 L
EM J:, [(‘”)wmk - (0'?‘)w, measured] dl

An example of the extent of this correction can be seen
as the cross-hatched areas under the stress curve in Fig-
ure 4a. .

Anomalous behavior in the vicinity of the retaining
screen was exhibited by the 50 to 100 mesh resin, and to
a slight extent by the 20 to 50 and 10 to 20 mesh resins.
Radial stress increased very markedly about 3 cm. above
the screen in countercurrent movement with 50 to 100
mesh resin. This may have been the result of a dead-water
region near the outer edge of the screen where it was at-
tached to the piston.

The results of this study tend to confirm the correctness
of Jury’s analysis of resin stress. One may therefore be led
to conclude, as did Jury, that countercurrent movement of
resin can be accomplished by particle to particle trans-
mission of force. Nonetheless a realization of such move-
ment in practice is difficult, if not infeasible. The disrupt-
ing of the stress pattern due to the withdrawal of the lig-
uid stream dissipates to a large extent the resin stress
developed by concurrent flow which was counted on to
force the resin countercurrent to the flow of a process
stream.

SUMMARY

Boundary stresses in moving beds of solids through
which a fluid is flowing have been measured. In counter-
current flow the coefficient of friction and the stress ratio
were essentially independent of bed depth, and conse-
quently the variation of radial stress at the wall and the
average vertical stress were closely represented by the
integrated equation of the force balance on a cross sec-
tion of the bed, Equation (5). In cocurrent flow the stress
variation of only the 20 to 40 mesh resin could be repre-
sented by the integrated force balance equation, Equation
(4). With the other two sizes of resin the coefficient of
friction x’ and the stress ratio ko change as the bed depth
increased but reached asymptotic values in deep beds.

The coefficient of friction appears to be a function of
particle size, although differences in composition of the
Permutit and Dowex resins may be the primary variable.
The coefficient of friction ' of the nitrated 10 to 20 mesh
resin varied widely with time in distilled water. For re-
cently nitrated 10 to 20 mesh resin, p° was essentially
equal to that for 20 to 40 mesh resin, for old 10 to 20
mesh resin p’ was about four times as great. The smaller
resins exhibited no variation in friction characteristics
with age since nitration.

The coefficient of friction was dependent on solid ve-
locity; p' increased about 25% as the bed velocity was
increased from zero to 30 cm./min. However p’ was in-
dependent of the fluid velocity through the bed.

The force exerted on the bed by the flowing fluid can
be treated as an additional body force and incorporated
in with terms involving the bulk density of the bed. How-
ever one is generally not correct in assuming that n’ and
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ko are independent of bed depth or that ke is equal to
unity.

The flowing fluid does reduce the radial-to-vertical
stress ratio as the result of cutting down the resistance
to shearing between particles within the bed.

The resin bed had essentially no internal friction. How-
ever the bed of glass beads had considerable internal
friction which greatly affected the stress pattern in the
vicinity of the supporting screen.

NOTATION
AP

A =_L—+(1—€)(PT—PI)

Dp = particle diameter

D: = tube diameter

Go = superficial mass velocity

k = ratio of radial stress to vertical stress or/o=

ka = ratio of radial stress at the wall to average verti-
cal stress = (o’r)w/ (crz)a

L = length of bed

L' = length of bed over which deviation from the
usual radial stress pattern occurred due to in-
ternal friction with the bed.

AP

= = pressure drop per unit length of bed

r = radial distance

z = vertical distance or bed depth

Greek Letters
void fraction

€ =

0 = angular coordinate

® = stress ratio rrz/or = coefficient of internal friction
if shearing occurs perpendicular to r

g = fluid viscosity when used in conjunction with the
Reynolds number

& = coeflicient of friction of solids on the container
wall

po = bulk density of the granular solids

pl = density of flowing liquid

pr = particle density of the solids

or = radial normal stress

(or)w = normal radial stress at the wall

(o) w® = normal radial stress at the wall for a material
with no internal friction

oz = normal vertical stress

(¢z)a = average vertical stress across the bed

T = shear stress acting in a plane parallel to the stress

mrz = shear stress in vertical direction resulting from
a radial force

(rr2)w = 7rz at the tube wall

Subscripts

d = value of stress in deep beds, that is the asympto-
tic value in concurrent movement

0 = value of stress at zero bed depth
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